Abstract. Let f : M → N be a C r map between C r manifolds (r ≥ 1) and K a C r manifold. In this paper, by using the Sard theorem, we study the topological properties of the space of C r maps g : K → N which satisfy a certain transversality condition with respect to f in a weak sense. As an application, by considering the case where K is a point, we obtain some new results about the topological properties of f (Rq(f )), where Rq (f ) is the set of points of M where the rank of the differential of f is less than or equal to q. In particular, we show a result about the topological dimension of f (Rq(f )), which is closely related to a conjecture of Sard concerning the Hausdorff measure of f (Rq(f )).
Introduction
Let M, N and K be C r manifolds of dimensions m, n and k respectively and f : M → N a C r map (r ≥ 1). For a nonnegative integer l, a C r map g : K → N is said to be transverse to f with deficiency at most l if for every pair (x, y) ∈ K × M such that g(x) = f(y), we have dim(dg x (T x K) + df y (T y M )) ≥ n − l.
Let T l f be the set of the C r maps g : K → N which are transverse to f with deficiency at most l. Note that T l f is a subset of the mapping space C r (K, N ) equipped with the Whitney C r topology. In this paper, we study the topological properties of the space T l f by using the Sard theorem [S1] , [S2] , [S3] . Our first result is that if r ≥ m + k − n + l + 1 l + 1 , then the set T l f is dense in C r (K, N ) (Theorem 2.4). More specifically, it is residual. More generally, we show that, under the assumption that K be compact, every continuous map ϕ : P → C r (K, N ) of a compact p-dimensional C r manifold P can be approximated by a continuous map whose image is contained in T l f , provided that r ≥ m + k − n + l + 1 l − p + 1 and p ≤ l l f . In §3, we use the approximation theorem to deduce some homotopical properties of the pair (C r (K, N ), T l f ). For example, we will show that if K is compact and r ≥ m + k − n + 3, then T
Throughout the paper, all manifolds are assumed to have countable bases and may have boundary.
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Sard's theorem and its application
In the following, M and N will denote m-and n-dimensional C r manifolds respectively, where 1 ≤ r ≤ ∞. For a differentiable map f : M → N and an integer q with 0 ≤ q ≤ min{m, n}, we set R q (f) = {x ∈ M : rankdf x ≤ q}. For a topological space X, dimX will always denote its topological dimension (see [HW] ).
In [S1, p.889] , Sard has proved the following.
In fact, Sard proves the above theorem when M is an open set of R m , N = R n , and m > n. One can extend this result to the general case of a map between C r manifolds by using the arguments in [S3] , provided that m > n. When m ≤ n, Theorem 2.1 follows from the following proposition.
Proof. Since s ≥ m − q − r and r ≥ 1, we have r ≥ max{m − (q + s), 1}. Thus by [S3, §5, Theorem 2 or Proposition 4] 1 we have dimf (R q+s (f )) ≤ q + s. On 1 Church [C3] assumes that the manifolds do not have boundary. However, his argument works also in the case where the manifolds have boundary.
the other hand, since s ≥ 0, we have f (R q (f )) ⊂ f (R q+s (f )) and consequently dimf (R q (f )) ≤ dimf (R q+s (f )) (see [HW, Theorem III 1 (p.26)] ). This completes the proof.
Let us prove Theorem 2.1 when m ≤ n. Set s = n − q − 1, which satisfies s ≥ 0. Since s ≥ m − q − r, we see that dimf(R q (f)) ≤ q + s = n − 1 by Proposition 2.2. This completes the proof of Theorem 2.1.
In the following, for C r manifolds K and N , C r (K, N ) will denote the space of all C r maps of K into N equipped with the strong Whitney C r -topology (see [H, Chapter 2] ). Definition 2.3. Consider differentiable maps f : M → N and g : K → N , where M, N and K are differentiable manifolds of dimensions m, n and k respectively. For an integer l with 0 ≤ l ≤ n and a point x ∈ K, we say that g is transverse to f with deficiency at most l at x if for every point y ∈ M with f (y) = g(x), we have
For a subset V of K, we say that g is transverse to f with deficiency at most l on V if g is so at every point x ∈ V . We say that g is transverse to f with deficiency at most l if g is so on the whole of K. Note that when l = 0, this notion is nothing but the usual notion of transversality.
For a differentiable map f : M → N and a nonnegative integer l, we denote by T l f (⊂ C r (K, N )) the set of the C r maps which are transverse to f with deficiency at most l.
As an application of Sard's theorem (Theorem 2.1), we show the following. 
Compare the above theorem with [H, Theorem 2.7 (p.79) ].
In the following, we use the notation as in [H, Chapter 2] .
Lemma 2.5. Let {ϕ i , U i } i∈Λ be a locally finite set of charts on K, C = {C i } i∈Λ a family of compact sets of K with C i ⊂ U i , and ε = {ε i } i∈Λ a family of positive numbers. Then there exists a C r function δ :
Proof. We may assume that {U i } i∈Λ is a locally finite open covering of K and that {C i } i∈Λ is also a locally finite covering of K (for this, construct such families first and then add the original families to them). Let {λ i } i∈Λ be a C r partition of unity subordinate to {U i } i∈Λ such that the support suppλ i of λ i is compact and that suppλ i ⊃ C i . For each i ∈ Λ, set Λ i = {j ∈ Λ : C i ∩suppλ j = ∅}, which is a finite set whose cardinality we denote by m i . Furthermore, set µ i = max{||D
Then we choose the family of positive numbers α = {α i } i∈Λ so small that, putting
for x ∈ K satisfies the required conditions. This completes the proof.
Proof of Theorem 2.4. We may assume that N is a C ∞ manifold (for example, see [H, Theorem 2.9 (p.51)] ). By Whitney's embedding theorem [W] , we have a proper
is a continuous map, π
. Then there exist Φ = {ϕ i , U i } i∈Λ (a locally finite set of charts on K), C = {C i } i∈Λ (a family of compact sets of K with C i ⊂ U i ), and ε = {ε i } i∈Λ (a family of positive numbers) such that [H, p.35 ] using the obvious coordinate of V (N ) induced by that of R 2n+1 . We may assume that {U i } i∈Λ is a locally finite open covering of K and that {C i } i∈Λ is also a locally finite covering of K. Choosing ε i smaller if necessary, we may assume that x + v ∈ V (N ) for all x ∈ g(C i ) ⊂ N and for all v ∈ R 2n+1 with ||v|| < ε i , where R 2n+1 is equipped with the usual inner product and the norm. Let δ : K → R be a C r function as in Lemma 2.5 and let {X 1 , · · · , X 2n+1 } be a fixed orthonormal basis of R 2n+1 . Then define the map G : IntD
Note that G is a well-defined C r map and that G is transverse to f in the usual sense, since G is a submersion
. Then by the above construction, we see thatg λ ∈ π −1 * (U) for all λ ∈ IntD 2n+1 and hence that g λ = π •g λ ∈ U. Thus in order to prove the theorem, we have only to show that g λ is transverse to f with deficiency at most l for some λ ∈ IntD 2n+1 . In the following, we set s = 2n + 1.
which is a C r manifold of dimension m + k + s − n, since G is transverse to f in the usual sense. Let π : Z → IntD s be the projection to the first factor IntD
Lemma 2.6. We have
Proof. By the definitions of Z and π, we have
for some u ∈ T x K and w ∈ T y M }.
Thus the linear map ξ induces an injective linear map
Since G is transverse to f in the usual sense, we have
which implies thatξ is surjective. Thus we have the conclusion, comparing the dimensions of the source and the target spaces ofξ. This completes the proof of Lemma 2.6.
By our assumption, we have
Thus, applying Theorem 2.1 to the C r map π : Z → IntD s with q = s − l − 1, we have dimπ(R s−l−1 (π)) ≤ s − 1.
In particular, there exists a λ 0 ∈ IntD s such that λ 0 ∈ π(R s−l−1 (π)). For this λ 0 , we have rankdπ (λ0,x,y) ≥ s − l for all (x, y) ∈ K × M such that (λ 0 , x, y) ∈ Z. In particular, we have s − rankdπ (λ,x,y) ≤ l. Then by Lemma 2.6, we have [GG, Chapter II, §3] , for example). We do not know if the assumption (2.8) is essential or not.
We recall that when K is compact, the mapping space C r (K, N ) has the structure of a complete metric space (see [H, Theorem 4.4 (p.62) 
]). We denote by d(g, h)
the distance between two elements g and h of C r (K, N ).
Theorem 2.9. Let M, N, K and P be C r manifolds of dimensions m, n, k and p respectively and let f : M → N be a (not necessarily proper) C r map (r ≥ 1). We suppose that K and P are compact. Furthermore, let V be an open subset of C r (K, N ) which contains T l f and let ϕ : P → V be a continuous map such that
for a nonnegative integer l, then for a given positive number ε, there exists a continuous map ψ : and d(ψ(λ) , ϕ(λ)) < ε for all λ ∈ P . Proof. First we consider the case where f is proper and hence
Then we may assume that F is a codimension 0 submanifold of P . Furthermore, we may assume that there exists another codimension 0 submanifold
Define the continuous map Φ :
. Such a C r map can be constructed by an argument using the technique of integration (for example, see [H, Chapter 2, §2] or the proof of [M, Lemma 1.6]) .
Since
by our assumptions, Theorem 2.4 implies that there exists a C r map Ψ : P × K → N arbitrarily close toΦ in C r (P × K, N ) such that Ψ is transverse to f with deficiency at most l − p. Define the continuous map ψ :
As in the proof of Theorem 2.4, we may assume that N is a closed C ∞ submanifold of R 2n+1 and let V (N ) and π : V (N) → N be an open tubular neighborhood of N in R 2n+1 and a natural projection map respectively. For t ∈ [0, 1] and λ ∈ P , de-
Choosing ε sufficiently small, we may assume thath
. Choosing ψ sufficiently close to ϕ, we may further assume that h t (λ) ∈ V, h t (F ) ⊂ T 
ThenH is a continuous map andH(w, 0) = ϕ(w) for all w ∈ P . Define ψ : P → V by ψ(w) =H(w, 1) (w ∈ P ). Then we see that ψ satisfies all the required conditions. This completes the proof of Theorem 2.9 when f is proper. Now consider the general case where f may not be proper. Since P is compact, we see that there exists an open set V of C r (K, N ) such that ϕ(P ) ⊂ V ⊂ V ⊂ V. On the other hand, there exists a countable family of codimension 0 compact C In the proof of Theorem 2.9, if we put F = ∅, then ψ is an approximation of ϕ in the sense of Definition 3.10. Thus we obtain the following. Note that in the above corollary, when r is sufficiently large, codim(R q f ) ≥ n − q.
Added in Proof
After the submission of the manuscript, the authors were informed that the Sard conjecture had already been affirmatively solved almost thirty years ago. See Theorem 3.4.3 of the book "Geometric measure theory" by Herbert Federer (Die Grundlehren der math. Wissenschaften, Band 153, Springer, Berlin, Heidelberg, New York, 1969) . See also the historic backgrounds described on page 208 of the book. The authors would like to thank David Trotman, Patrice Orro and Georges Compte for having kindly informed them of this fact.
We also note that throughout the proof of Theorem 2.4, r is assumed to be finite. However, a similar proof works also in the case where r = ∞ by virtue of the definition of the strong Whitney C ∞ -topology (for example, see page 36 of [H] ).
